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Abstract 
Hybrid synchronization of the Lü  hyperchaotic system with disturbance is investigated. Using the principle of poles 
assignment method, the switching function is designed to guarantee Anti-synchronization of slide mode with 
nonlinearity terms. Using modified exponent hitting condition of sliding mode, a robust synchronization controller is 
proposed. In contrast to the previous works, sliding mode of this controller is free from the influence of disturbance , 
and the system has both better robustness and quick tracking. Therefore the computation is simple and the 
conservation is smaller. Finally, the simulation is put forward to demonstrate the correctness and effectiveness of the 
proposed methods. 
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1. Introduction
Inspired by the pioneering work of Pecora and Car-roll, the synchronization of chaotic systems has
been a subject of active research field due to its potential applications for secure communications and 
control. Up to now, many types of synchronization have been proposed in dynamical systems, such as 
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complete synchronization [1], generalized synchronization [2], lag synchronization [3], phase 
synchronization [4], etc. Another interesting phenomenon discovered was the anti-synchronization, which 
is noticeable in periodic oscillators. The anti-synchronization, which is the vanishing of the sum of the 
relevant state variables of synchronized systems, has been investigated both experimentally and 
theoretically in many physical systems [5-7].Recently, Li studied hybrid synchronization behaviour in 
chaotic systems. In hybrid synchronization scheme, one part of the system is anti-synchronized and the 
other completely synchronized so that complete synchronization (CS) and anti-synchronization (AS) co-
exist in the system. The co-existence of CS and AS enhances security in communication and chaotic 
encryptation schemes. Thus hyperchaos synchronization has become a new subject of active research.At 
present, little attention has been given to controlling uncertain chaotic systems without the limitation of 
knowing the bounds of uncertainties. For the above reasons, it is highly desirable to propose a new 
chattering free controller for chaotic systems to not only preserve the advantages of variable structure 
control but also release the limitation of knowing the bounds of uncertainties.  
Meanwhile, Synchronization of 3D chaotic systems with single input has been discussed by various 
researchers. nevertheless, chaotic synchronized problems of hyperchaotic systems with control inputs less 
than the  number of error states are seldom addressed in the literature. Yassen[31]studied the 
synchronization of a four-dimensional(4D)Lü hyperchaotic system. Chi studied the synchronizing two 
hyperchaotic systems with uncertain parameters with single-input. Chaotic synchronization of 
hyperchaotic systems with single control variable is more simple, efficient,and easy to implement in 
practical applications than the proposed control schemes in the past research works. 
 In this Letter, the tracking problem for Lü hyperchaotic system with unknown bounded uncertainties is 
considered. An new variable structure control is designed to guarantee the existence of the sliding mode 
for the tracking error dynamics such that chattering phenomenon is removed.  
2. Synchronization for uncertain chaotic systems 
The Lü  hyperchaotic system can be described by 
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where  and  are state variables and positive system parameters respectively . The 
4D Lü  hyperchaotic system in (1) demonstrates  a hyperchaotic attractor at the patameter values  
. The complex system with the initial conditions is
depicted in Fig.1. It exhibits that the 4D Lü  hyperchaotic systemhas bounded state trajectories without 
applying controls. 
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Let system (1) be the drive system. Taking into account the external disturbances, the response system 
can be written as 
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Tt tω ω=  is an unknown bounded  external disturbances which syatisfying ω ρ< ,and ρ is
known positive constant. 
For the chaotic system (1), the controlled output system is defined below 
( )y x Cx=
where upper triangular matrix  is the feed-back  matrix. C
For system (1), design the following response system 
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Deﬁnition 1 (hybrid synchronization) system (1) and (3) are hybrid synchronization ,if there exist  
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The main aim in this paper is to design a variable structure controller   to guarantee the system (2) 
and (3) are hybrid synchronization. 
( )u t
Let ( ) ( ) ( ), , ,ij ij ij ij ij ij ,A A C C A A A A C= = = = − and , define the synchronization error 
, then we obtain the synchronization error system 
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In order to study the perturbed system's track, we pose the following lemma: 
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It followed by designing an variable structure controller to not only derive the system trajectories onto 
the sliding surface without chattering, but also remove the limitation of knowing the bounds of the 
uncertainties in advance. 
3. Design of sliding mode controller 
Choose the switch function as follows: 
1 1 2 3 3 4 4s k e e k e k e= − + − −                                                           (5) 
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1 1 11 13 14 1
3 3 31 33 34 3
4 4 41 43 44 4
e e a a a
e A e a a a e
e e a a a
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢
= =
⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣
&
%&
& ⎦
                                             (6)
where 2  ( , 1,3, 4)ij ij i ia A A k i j= + ⋅ =
Theorem 1 Choosing the switch function (5), on the sliding surface , the system (2) and (3) are 
hybrid synchronization. 
0s =
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Proof.  Using the principle of pole placement, there must exist appropriate   such that 1 2 4, ,k k k A%  has 
hopeful pole { }1, , qr r− −L ,which satisfying  
{ }0, mini ir r r μ> = > ,
where μ  is a positive constant . 
Let Solving the sliding mode function (6) 1 3 4[ , , ]
n n TG R e e e e×∈ =%
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 Combining the Lemma 1, we get 
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This section devotes to derive a controller   such that the error states of system (4) can be driven to the 
sliding surface in finite time and be kept on the sliding surface continuously. 
Theorem1 Choosing a control law of the form: 
1 11 1 12 2 13 3 14 4 21 1 22 2 23 3 24 4 3 31 1 32 2 33 3 34 4
1
2
4 41 1 42 2 43 3 44 4 1 2 2 2
( ) ( ) ( ) ( )
        ( ) ( ) sgn( )
u t k A e A e A e A e A e A e A e A e k A e A e A e A e
k A e A e A e A e s s sε ε λ ρ λ−
= + + + − + + + + + + +
+ + + + − + −
then the state of the controlled system can be driven to the sliding surface in finite time T ,and  
1
2
1 2
1 2
(0)2 ln
s
T
ε ε
ε ε
−
+
≤
Along the anti-synchronization error system, the time derivative of  s  satisfying 
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Solving the function (8) 
1 1
2 2
1 1 1
2 2 2
1 2 1 2 1
2
d s s d s d s
dt
s s s sε ε ε ε ε ε
−
− −
≤ − = − = −
+ + 2+
if  the first waiting time is and , from the above we get T ( ) 0s T =
1
2
1 2
1 2
(0)2 ln .
s
T
ε ε
ε ε
−
+
≤
4. Simulation 
The 4D Lü  hyperchaotic system with unknown bounded uncertainties, which can be described by 
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which is exponential stable obviously . 
5. Conclusion 
In this paper, we have proposed a new sliding mode controller to guarantee the hybrid synchronization 
of  Lü  hyperchaotic system with uncertainty. In contrast to the previous works, sliding mode of this 
controller is free from the influence of disturbance, and the system has both better robustness and quick 
tracking. Numerical simulations are used to verify the effectiveness of the proposed control techniques.        
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